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ABSTRACT 
It is shown in this paper that a map not colorable in four colors must have at least 
n = 40 countries. This improves on the result n = 36 due to C. E. Winn (1940). The 
rather elaborate computations are based upon the Euler contributions of the faces in 
an  irreducible graph and upon several new reducible configurations. 
INTRODUCTION 
A great number of theoretical methods have been introduced in the 
quest for a proof of the Four-Color Conjecture for planar graphs. In 
spite of these efforts, the numerical results concerning the coloration of 
planar graphs are very limited. A first step was made by Franklin (1922), 
who showed that a graph which cannot be vertex (face) colored in four 
colors must have n ) 26 vertices (faces). This number was raised to 
n ) 27 by Reynolds (1926) and then again to n ) 32 by Franklin (1938). 
In 1940 the bound was increased to n ) 36 by Winn. The references to 
these papers are given in O. Ore: The Four-Color Problem, Academic 
Press, 1967. The terminology used in the following is also the same as in 
this book. 
It is the object of the present paper to give a method for establishing 
that n ~ 40. In this connection, it may not be superfluous to point out, 
to avoid any misunderstanding, that one will find higher bounds men- 
tioned in relatively recent articles on the Four-Color Problem. A cor- 
* Presented at the Yale University Conference on Combinatorial Theory in honor 
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respondence, with the authors has made it clear that their statements have 
been based upon hearsay, referring to studies that have never been 
published and seem likely to remain in this state. There are also a couple 
of papers giving higher bounds, but in which, upon closer examination, 
the arguments appear to be invalid. 
The previous calculations, particularly for the final result by Winn, are 
quite involved--so much so that it becomes difficult to discern the under- 
lying principles. Also, it is not clear in which direction one should move 
in the search for improvements. This is true even if one relies on the some- 
what simplified version of the proof given in Ore, Section 12.5. 
The present computations are also complicated not so much by the 
calculations themselves as by the numerous eparate cases it becomes 
necessary to analyze. There does not seem to be much point in reproducing 
all details in print. Thus, the purpose of this paper is to describe the main 
lines of our method. The actual numerical calculations are included in a 
separate manuscript which will be deposited in the library of the Mathe- 
matics Department at Yale University, to be available to anyone inter- 
ested. 
While our method is admittedly cumbersome, it has the advantage of 
making clear why it must lead to bounds for the irreducible graphs. More 
important, it pinpoints rather definitely those configurations for which 
further reductions will be required in order to achieve still better lower 
bounds. 
The following analysis makes use of two essential tools. One is the 
theory of Euler contributions as developed in Ore, Chapter 4. The second 
is the large family of reducible configurations known for irreducible 
5-chromatic planar graphs. The first of these reductions were discovered 
by G. D. Birkhoff; other ones by Franklin, Errera, Bernhart, and others. 
Especially notable is the large group of reductions given by Winn. For 
the purposes of this paper, it was necessary to supplement this list with 
three new ones, two concerning the neighborhoods of 5-vertices and a 
third for 7-vertices. The details of these reductions are also included in the 
manuscript being deposited at Yale University. 
1. IRREDUCIBLE GRAPHS (Ore, Section 12.2) 
An irreducible graph is characterized by the following three properties: 
1. G is maximal planar. 
2. G is 5-chromatic with respect o vertex coloration. 
3. G is contraction critical. 
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Any 5-chromatic graph with a minimal number of  vertices is irreducible. 
Since the graphs are maximal planar, the relations 
ve = 3v~ -- 6, vl = 2vv - -4 ,  (1.1) 
must hold between the number of  vertices, edges, and faces (Ore, Theorem 
1.3.5). 
In the following, we shall consider exclusively vertex colorations of 
irreducible graphs. In such a graph, a vertex v with valence p = p(v) 
shall be called a p-vertex. From well-known reductions for the Four- 
Color Problem, it follows that the valences must satisfy 
p(v) ~> S. (1.2) 
One calls v a major vertex when p(v) ~> 7 and a minor vertex when p(v) = 5 
or p(v) = 6. Every maximal planar graph which satisfies (1.2) must have 
at least twelve 5-vertices. According to the reductions for 5-vertices given 
by Winn, each such 5-vertex must have a major neighbor. This already 
gives a lower bound n >~ 13 for the number of  vertices. 
It is not known whether an irreducible graph must contain a 6-vertex, 
although this seems likely. 
2. EULER CONTRIBUTIONS (Ore, Section 4.3) 
Let v be a corner of  a face F in a general planar graph. The angle ~ o fF  
at v is defined by two consecutive boundary edges o fF  at v. The angle con- 
tribution of  ~ is the number 
1 1 1 -k- p--~ -- - p = p(v), p* = p*(F). (2.1) 
= p 2 '  
With this notation, Euler's relation can be written 
~(~) = 2, (2.2) 
where the sum is extended over all angles in G. The face contribution ~(F) 
of a face F is the sum of all angle contributions at the corners of  F. One 
finds 
1 p,  1 (2.3) 
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where the sum extends over all valences of  the corners of  F. F rom (2.2), it 
follows that 
~(F) = 2 (2.4) 
with the sum taken over all faces. 
In  a maximal  p lanar graph, p*(F) = 3 so (2.3) reduces to 
1 + 1 + 1 1 (2.5) 
~(F) = Pl P~ Pa 2 '  
where (Px, P2, Ps) are the valences of  the corners of  the triangle F. 
Since (1.2) holds in any irreducible graph, we may tabulate the face 
contr ibut ions for  the smallest valences (Pl ,  p~, p3). The table runs as 
follows: 
FACE CONT~BOTIONS 
(P~, PZ, P3), 4'(F) (P~, P2, #a), ~,(F) (px, p~, ,os), ,~(F) 
1 1 9 
(5, 5, 5) l'-ff (5, 5, 12) - -~- (5, 7, 8) - 28--0 
1 1 29 
(5, 5, 6) 1-5- (5, 6, 6) 3"---0 (5, 7, 9) 630 
3 1 1 
(5, 5, 7) 7--0- (5, 6, 7) 10"--5 (5, 8, 8) 20 
1 1 
(5, 5, 8) -~- (5, 6, 8) - 12----0 (6, 6, 6) 0 
1 1 1 
(5, 5, 9) 9--0- (5, 6, 9) 45 (6, 6, 7) - 4--2- 
1 1 
(5, 5, 10) 0 (5, 6, 10) (6, 6, 8) 
30 24 
1 1 1 
(5, 5, 11) (5, 7, 7) (6, 7, 7) 
110 70 21 
For  all other triads, the face contr ibut ions are negative. For  large 
values of  the p i ,  the contr ibutions tend to -- 89 according to (2.5). 
3. REDUCTIONS 
For  the irreducible graphs, there exist a considerable number  of  reducible 
configurations, that is, graph configurations which cannot  appear in such 
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a graph. The first results of this kind were obtained by G. D. Birkhoff, who 
showed, among other things, that an irreducible graph can have no 
separation by fewer than five vertices, and in the case of a 5-separation one 
component must consist of a 5-vertex and its adjoining triangles. 
Most of the other known reducible configurations concern some p- 
vertex v0 and its neighbors, showing that certain valences cannot occur 
for these neighbors ni 9 We tabulate a number of such excluded valence 
systems below. In expressing these results, it is at times convenient to say 
that three vertices ul, u2, u3 are in triad when they are the corners of a face 
triangle. The extra numbers added in brackets indicate that the correspond- 
ing two neighbors ni and n~+l with valences pi and P~+l are in triad with 
a vertex u :/: v 0 with the valence indicated in the brackets. For instance, 
in Case 5 for p(v0) = 5 the vertices n~ and n2 are in triad with some 
5-vertex u :~ Vo 9 
p(Vo) = 5 
1. All neighbors minor. (Winn). 
2. (5, 5, 5, P4, ps) (Birkhoff). 
3. (5, 6, 5, P4, Ps) (Franklin). 
4. (5, pz, P3,5, Ps) P2, P3 minor (Winn). 
5. (5, (5), 7, 6, 6, 6) (Franklin). 
6. (5, 5, (5), 7, 6, 6) (Franklin). 
7. (6, 5, 5, 6, (5), 7) (new: Ore, Stemple). 
8. (5, 5, 6, 6, (5), 7) (new: Ore, Stemple). 
9. A pair of 5-vertices in triad with a 7-vertex and having no other major 
neighbors (Winn). 
p(Vo) = 6 
1. All neighbors minor (Winn). 
2. (5, 5, 5, P4, Ps, Pc) (Franklin). 
3. (5, 6, 5, p4, ps, Pn) (Bernhart). 
4. (5, 5, 6, 5, ps, Pc) (Winn). 
5. (5, 5, 6, 6, 5, Pn) (Rabib-Winn). 
6. (5, (5), 7, 6, 6, 6, 6) (Franklin). 
7. (5, p2, p3, p4,5, Pc) p2, P3, P4 minor (Winn). 
8. (5, (5), 5, p3,5, (5), 5, Pc) (Winn). 
p(Vo) = 7 
1. (5, 5, 5, 5, Ps, Pc, PT) (Winn). 
2. Four 5-neighbors and three 6-neighbors (Errera). 
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3. (5, 5, 6, 5, 5, P6, PT) (Winn). 
4. (5, (5), 7, 6, 6, 6, 6, 6) or replace a pair of 6-vertices with a pair of 
5-vertices (Franklin). 
5. (6, (5), 6, 6, 6, 6, 6, 6) (Franklin). 
6. Among the neighbors of v0, there must be a major vertex or at least 
four 6-vertices (Winn). 
7. (5, 6, 5, 5, 6, 5, PT) (new: Ore, Stemple). 
Larger valences: p(vo) ~ 7 
1. There must be at least one major neighbor or three 6-neighbors (Winn). 
2. The neighbors are 6-vertices and pairs of 5-vertices, except hat, when 
p(Vo) is odd, the odd vertex is a 5-vertex (Franklin). 
3. Two even sequences of 5-neighbors eparated by a 6-vertex and one 
other vertex (Winn). 
4. p(Vo) odd; (6, (5), 6 ..... 6) (Franklin). 
5. p(Vo) odd; (Pl, p2, p3,5, (5), 5 ..... 5, (5), 5) (Franklin). 
6. (5, (5), 7, 6 ..... 6) or any 6-pair replaced by a 5-pair (Franklin). 
7. p(Vo) : 7, 8, 9; (pl, p2, pz, 5 ..... 5) (Chojnacki). 
There are a few other special reducible configurations known and others 
can undoubtedly be found. Not all of the above reductions are used in our 
calculations; however, the new reducible configurations for p(Vo) : 5 and 
p(Vo) = 7 (Ore, Stemple) are essential for the analysis. 
4. THE' 5-COMPONENTS 
Of basic importance for the study of irreducible graphs are certain 
reductions due to Errera for minimal separating circuits. Such a circuit C 
is reducible in the following cases: 
(1) C consists of an even sequence of 5-vertices and in addition a single 
or a pair of consecutive arbitrary vertices. 
(2) C has an even number of 5- and 6-vertices, the 5-vertices occurring 
in consecutive pairs. 
The 5-vertices play a central role in the subsequent considerations. They 
define a section subgraph G 5 of G and the connected components K5 of G5 
we call the 5-components. From Errera's reductions, it follows that a 5- 
component must consist of a certain number of triads of 5-vertices con- 
nected by arcs forming a tree-like graph, as illustrated in Figure 4.1. 
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FIGURE 4.1 
It is possible that there are no 5-triads in a/(5 ; then it reduces to a 
single arc, possibly to a single vertex. An edge in K 5 is terminal when one 
of its end-points has the valence pie(v) = 1. A 5-triad in /(5 is terminal 
when two of its corners have K-valence p = 2. We may also say that a 
5-component is singular when it consists of a single vertex, edge, or triad. 
5. METHOD OF ESTIMATE 
In order to obtain a lower bound for the number of vertices in an 
irreducible graph, we seek a lower bound for the number of faces and 
make use of the second relation (1.1): 
v~ = 89 s + 2. (5.1) 
The lower bound for vs results in principle from the relation (2.4) with 
the expression (2.5) for the face contributions, using the tabulated values 
in Section 2. 
To illustrate only the roughest kind of estimate, we notice that accord- 
ing to the table 
1 
r ~< 7-6" 
Thus to satisfy the relation (2.4) we must have at least 20 faces; hence 
according to (5.1) 
vv ~ 12. 
To improve upon this estimate, we could notice that each 5-triad in K5 
must have neighboring triads in G with smaller contributions, and these 
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can be grouped with the first to give a cluster of triangles whose average 
contribution is less. This method we shall use in general, combining triads 
with two or three 5-corners into clusters with other triads having one or 
perhaps no 5-corners. The aim is then to make the maximal value for the 
average contribution in the various clusters as small as possible. For this 
process, various of the reductions for irreducible graphs play an essential 
role. 
In forming the clusters, all triangles with one or more 5-corners must 
be included; that is, the clusters cover all 5-components. It may be pos- 
sible to include triangles without 5-corners; this is advantageous since, as 
we have seen, such triangles cannot have positive contributions. 
Suppose now that 
Fi ,  G ,..., Fk (5.2) 
is a cluster of k triangles with contributions ff(F~). The average contribu- 
tion for the cluster is then 
Now let 
1 
A =- -~ Y' 4(Fi), i = 1, 2 ..... k. 
Ao ---- max A 
for the various clusters. Then from (2.4) we obtain 
so that 
and according to (5.1) 
2 = Z 4(F) ~< ~, "& 
2 
vl > .4-~ 
(5.3) 
1 
v~ ~> --z- -k 2. (5.4) 
.% 
We shall notice that this presentation is somewhat simplified. Instead 
of dealing with entire triangle contributions in (5.2), it may be advan- 
tageous to split the contribution of a triangle between two or even three 
clusters. The number k in (5.2) must then be adjusted accordingly. 
6. EXAMPLE: ISOLATED VERTICES 
Let us consider as an illustration a particularly simple example, the case 
of an isolated 5-vertex Vo 9 At v0 there is a cluster of five triangles with a 
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corner at v0 and v0 as the only 5-corner. According to our table, such 
triangles have their maximum contribution for 
1 
F = (5, 6, 6), ~(F) = 30" (6.1) 
This can be improved upon by observing that, by the list of reductions 
(Case 1, p(v0) = 5) in Section 3, there must be at least one major neighbor 
for Vo. The greatest contribution for a triangle having such a corner will 
occur for 
1 
F = (5, 6, 7), ~(F) = 105" (6.2) 
Thus the average for the cluster of five triangles with corner at v0 cannot 
exceed 
A=~.  3 .  +2"1-~ =4-2 '  
obtained by taking three contributions as in (6.1) and two as in (6.2). 
In case there should be two major neighbors, A cannot exceed 1/70. 
Also, in the case in which there are no other major neighbors one can 
obtain a further reduction of (6.3) by the following argument. When 
there are two successive 6-neighbors nl and n2 to v0, then the vertex 
vl :~ v0 in triad with nl and n2 cannot be a 5-vertex according to Reduc- 
tion 3, p(nO = 6. Therefore the outer triangle (ha, n~, vx) has contribution 
at most 0. This contribution can be added to the cluster at v0 with a 
weight 1/3. Since there are three such neighbor triangles, we can increase 
our neighbor count from 5 to 6. Instead of (6.3), this gives the smaller 
average 
1 5 1 
A t ,  - -  - -  
42 6 50.3 " 
This shows according to (5.4) that, if an irreducible graph should have 
only isolated 5-vertices, it must have at least 53 vertices. However, in 
that special case our estimates could be improved upon further. Possibly, 
we could show that such irreducible graphs cannot exist. 
7. THE CLUSTERING PROCESS 
We shall describe in further detail how the various triangle contribu- 
tions will be clustered in order to obtain small averages. If  one restricts 
oneself to triangles with at least one 5-corner, that is, touching 5-com- 
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ponents K5, the averages become fairly large, giving small lower bounds 
for n. To improve the results, one must take into account also some of the 
triads without 5-corners. 
The grouping of the triangles with 5-corners hall be made according 
to the following rules: 
I. Singular 5-components: A singular vertex, edge, or 5-triad 
7"5 = (5, 5, 5) 
is counted with its adjoining triangles as a single group. 
II. General 5-components Ks: The 5-triads 7"5 have the greatest contribu- 
tions and so they must be associated with triangles with smaller contribu- 
tions. The general Ks-tree decomposes into chains with a 7"5 at either end as 
in Figure 7.1a; possibly one end may be a terminal edge or both ends may 
be terminal as in Figure 7.1b or c. 
\\\\\ 
/ (Q) 
/ 
/ 
/ 
\ 
\ \  
/ 
/ (b) (c) 
/ 
FlCt.mE 7.1 
The 5-triads T 5 shall be counted with their associated chains as follows. 
When 7"5 is terminal, it and its neighbor triangles are counted fully with 
its chain. When it has two adjacent edges in/s it is counted with weight 
89 in each of its chains, and its neighbor triangles are split between the 
two chains according to proximity (see Figure 7.2a). Similarly, if T~ 
belongs to three chains, the triad and its neighbor triangles are split 
among the chains according to proximity as in Figure 7.2b. 
Finally, each chain in Figure 7.1 shall be subdivided into smaller parts. 
We first adopt the convention that, with each edge E(vl, v2) in /s we 
associate the two triangles (v 1 , v2, ul), (v~, v2, u2) in G containing E. I f  
vl or Vz is not a terminal or a triad vertex, we include with weight 89 the 
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/~ / /T \ \  / /  ! \ \  
~ / t \o  "cL ' , , - -~  . . . . . .  ~ ~"'~ 
(o) (b) 
I \X  
i 
- \ \ \  , 
\ 
z /  \ 
! T 
z / ~. \ \1  
FIGURE 7.2 
triangles containing vl or v~ (but not both) and u~ or us (if they exist). See 
Figure 7.2c. If vl @2) is terminal, we include all triangles containing 
vl @2). If it is on a triad, we assign triangles as indicated for triads. 
We then define the sections associated with: 
Terminal edges: 
~. A terminal edge F adjacent to a Ts---count F and its part of T~. 
/3. F is adjacent to an edge adjacent to a Ts--count both edges and the 
portion of Ts. 
7. F is adjacent to an edge adjacent to an edge--count F with weight 1 
and the adjacent edge with weight 89 
8. Two adjacent erminal edges---count together as a single cluster. 
The various cases are illustrated in Figure 7.3. 
Non-terminal edges adjacent o a 7"5: 
~. Such an edge E adjacent to an edge E1 adjacent to a Ts--count both 
edges and their portions of the triads. 
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- _~:  
(a (/3) : (),) 
Ff F 2 
FIGURE 7.3  
ft. E adjacent o two triads---count E and its portion of the triads. 
~,. E adjacent o another edge E2, not a terminal edge nor adjacent o a 
Ts--count E with weight 1 and E~ with weight 89 together with the 
portion of the triad. 
See Figure 7.4. 
~ " E = E t 
(a)  
= 
~ E _=__ E2 __= _- 
• = ~. -- 
CY) 
FIGURE 7 .4  
Two adjacent non-terminal edges, each adjacent o an edge: 
Count the two edges E1 and/?2 with weight 89 (see Figure 7.5). 
= 
9 ~ El ~ E2 = . 
FIGURE 7 .5  
The grouping of triangles without 5-corners is made according to the 
following rules: 
Whenever possible, in order to lower the average value, we assign to 
triangles with 5-corners the contributions of triangles without 5-corners. 
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Such a triangle (A, B, C) and its neighbor triangles have been drawn in 
Figure 7.6. 
M\  /G 
E 
FIGURE 7.6 
We put ~ = ~(A, B, C). This contribution shall be assigned to the 
various clusters according to the valences of the vertices D, E, F. 
o~. p(E) = p(F) = p(D) = 5: (A, C, D), (B, C, E), (.4, B, F) each re- 
ceives 89 
ft. p(D) -= p(E) = 5, p(F) > 5: (A, C, D) and (B, C, E) each receives 
~. 
7. p(D) = 5, p(E) > 5, p(F) > 5. We have three subcases: 
(1) p(K) > 5, p(L) > 5: ~ is assigned to (14, C, D). 
(2) p(K) = 5, p(L) > 5: k~b goes to (B, E, K) and ~ goes to (,4, C, D). 
(3) p(K) = p(L) = 5: ~ goes to each of(B, E, K) and (B, F, L), and 
89 goes to (A, C, D). 
~. p(D) > 5, p(E) > 5, p(F) > 5: When n is the number of 5-vertices 
among G, H, J, K, L, M then the fraction (1/n)~ is assigned to each 
of (A, D, G), (C, D, H), (C, E, J), (B, E, K), (B, F, L), (.4, F, M) that 
contains a 5-vertex. 
8. CONCLUSIONS 
By examining in detail the many possibilities for the average contribu- 
tion A for a cluster, in some cases combining two or three of those defined 
above, one finds that in all cases 
1 
A<3-  ff 9 
When this is substituted in (5.4), one arrives at the result announced 
V~ ~ 40. 
582/8/I-6 
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One may ask about the likelihood of improving upon this bound. In 
most cases, one actually finds 
1 
.4 < ~ (8.1) 
and in many instances A is much less. The few cases in which (8.1) does 
not hold almost all involve one or two triads Ts. Thus it seems that in 
order to raise the lower bound for the number of vertices in an irreducible 
graph, it is necessary to study in further detail the reducible configurations 
of the neighbor vertices to a triad T 5 . 
REFERENCE 
1. O. ORE, "The Four-Color Problem"Academic Press, New York and London, 1967. 
